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We study linear stability of viscous ows in a squeeze lubrication lm, in which the ow varies slowly in space
and time, between two parallel plates moving normal to each other with a slow constant speed, generalizing
the inviscid results of Aristov and Gitman [J. Fluid Mech. 464 (2002) 209]. The temporal evolution of two-
dimensional disturbances for this physical situation, including the asymptotic behaviour of a long term or the
transient behaviour of some time interval, is obtained by the construction of a low-dimensional Galerkin method.
It is found that the wall boundaries typically play dual roles of stabilizer and destabilizer. They constrain the
development of disturbances and have stabilizing inuences. However, they give rise to velocity shear, which is
diused by viscosity and thereby tends to destabilize the ow.
PACS: 47. 15. Fe, 47. 20.Gv
It is well known that some processes, which are fre-
quently encountered in industry, such as the motion
of a liquid through a hydraulic pump or a damper,
can be considered as the ow between two parallel
walls which move normal to each other with a constant
speed. Assuming the breadth of plates to be much
larger than the distance between them, the model is
related to the lubrication theory. If the basic ow
is disturbed slightly, the growth and decaying of the
disturbance relates to the linear stability. It is there-
fore of great interest and signicance to investigate
the possible instability in the squeeze ow near the
stagnation point.
The concept of the instability for a steady paral-
lel ow, such as the plane Poiseuille ow,
[1]
is very
typical in the hydrodynamic stability theory. Except
for steady basic ows, there has been rapidly growing
literature on the stability of parallel ows that vary
slowly in time, for example the slowly varying time-
dependent ows between two concentric cylinders.
[2]
Other than strictly parallel ows, most shear ows of
interest, such as jets, wakes and boundary layers un-
der some conditions, are weakly non-parallel ows that
change slowly in one space variable. More complicated
ows combine the unsteady and weakly non-parallel
characteristics: i.e., basic ows are characterized by
the slow changes in space and time, such as the ow
between parallel walls moving normal to each other
with a slow speed,
[3 5]
as is discussed in the present
study.
When two parallel plates slowly move towards each
other or in opposite directions, the gap between the
plates is dependent on time, and the basic ow de-
pends slowly on time and does not change its magni-
tude much after a long time. In addition, the horizon-
tal velocity components, x

and vertical z

in a two-
dimensional squeeze-lubrication lm satisfy u

x
 u

z
and @u

x
=@x

 1, where u

x
is a function of coor-
dinates x

and z

and the asterisked variables are di-
mensional, characterizing the slow change in one space
variable. Therefore, the basic ow belongs to a sort
of the weakly non-parallel and slowly varying time-
dependent ow.
Stability analyses of parallel ows with slow time-
dependent or weakly non-parallel steady ows, from
the mathematical point of view, are more complex
than those of steady parallel ows, because the
method of normal modes is not applicable. However,
the squeeze ow varies slowly in space and time, so
that the stability of such a ow is a little studied
topic in the hydrodynamic-stability literature. Stu-
art et al.
[3]
seem to be the rst to have carried out the
linear stability of the squeeze ow, with two parallel
plates of small gaps moving normal to each other in
a slow time-dependent speed, by using the Wentzel{
Kramers{Brillouin{Jeries (WKBJ) technique. We
will not refer to it here due to the complex theory fun-
damentals of WKBJ. Furthermore, when the weakly
non-parallel basic ow is periodic in time, the Flo-
quet theory can accurately predict the parametric in-
stability of unsteady periodic ows, e.g. Hall and
Papageorgiou
[4]
considered the ow in a squeeze bear-
ing induced by the time-periodic oscillation of one of
the walls.
Another investigation related to the present study
is that of Aristov and Gitman,
[5]
who considered the
stability of the ow between two parallel discs mov-
ing normal to each other when the relative velocity
2Q of the upper disc to the lower one is constant. In
three-dimensional Cartesian coordinates (x

, y

, z

),
the basic solution of the ow has the form u

x
= Qx

,
u

y
= Qy

and u

z
=  2Qz

. The basic solution does

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not satisfy the no-slip boundary conditions (BCs) and
belongs to the inviscid type. The perturbed stream
function 	
0
can be written in the form of a superpo-
sition of plane waves. The periodical one-dimensional
disturbance is expressed by
[5]
	
0
= k
 2
(t

)A(t

) cos[k(t

)x

]; (1)
where the amplitude A(t

) and wavenumber k(t

) are
dependent on time, and the disturbance is in the
Kelvin-mode form, which is dierent from the com-
mon Tollmien{Schlichting wave.
[6;7]
Aristov and Gitman
[5]
only described the instabil-
ity of the inviscid squeeze ow due to the limitation
of Kelvin modes. In this Letter, we discuss whether
the viscous basic ow is stable or not and how distur-
bances evolve. The instability analysis of the viscous
squeeze lm by using the Kelvin modes is not easy
to proceed, because the treatment of the constraint
of BCs possesses a diÆculty. We do not address here
the disturbance in the Kelvin modes, and the mode
selection still deserves further studying in the future.
One ideally available and eÆcient tool for study-
ing the global instability of weakly non-parallel ows
(steady and unsteady periodic) is the low-dimensional
Galerkin method (LDGM). The instability properties
in the cylinder wake, the sphere wake, the boundary-
layer and a variety of other ows are successfully car-
ried out by employing an LDGM.
[8 10]
This shows
the method is valid for analysing the global instabil-
ity of dynamic systems with slow time dependence and
weakly non-parallel characters, such as the present
problem.
Fig. 1. Schematic of the planar squeeze ow.
We consider the two-dimensional motion of in-
compressible Newtonian uids of kinematic viscosity
v between two parallel plates, the upper of which
approaches the lower stationary one with a con-
stant speed, as schematically depicted in Fig. 1. The
breadth of plates is 2b; the time-dependent distance
between the plates is h(t

) = 2a   Ut

, where 2a is
the initial value of the distance, t

is time, and the
relative velocity U of the upper plate to the lower
one is assumed to be constant for U > 0 corre-
sponding to the squeezing and U < 0 to the dilata-
tion. The dimensionless distance between the plates
H(nt

) = (2a)
 1
h(t

) has been introduced for math-
ematical convenience, where H(nt

) = 1  nt

. The
value of dimensionless speed of the upper plate rela-
tive to the lower one is  = 1,  > 0 for the squeez-
ing and  < 0 for the dilatation. Thus U = 2an
holds uniformly, where n satises 1=n = 2a=U and is
the inverse of the characteristic time. The ratio of the
distance between the plates at the initial point of time
to their breadth is small, i.e. Æ = a=b  1, and the
Reynolds number is dened by Re = 2ajU j=v.
Following Stuart et al.,
[3]
we introduce dimension-
less variables t = nt

, x = x

b
 1
, z = z

[aH(nt

)]
 1
 
1, u
z
= u

z
(na)
 1
, u
x
= u

x
(nb)
 1
H(nt

) and 	 =
	

(nab)
 1
, where  1  x  1 and  1  z  1.
For small values of (4jj)
 1
Re, the basic solution
	
B
(z; x; t) takes the form
[3]
	
B
(z; x; t) =  xH
0
(t)(2 + 3z   z
3
)=2; (2)
where H
0
(t) = dH(t)=dt. We suppose that the ba-
sic solution plus a perturbation can be written as
	(z; x; t) = 	
B
(z; x; t) + 	
0
(z; x; t), where j	
0
j 
j	
B
j. The linearized dierential equation satised by
	
0
is found to be
[H(t)@=@t  (z + 1)H
0
(t)@=@z]D
2
	
0
  4jjH(t)D
2
D
2
	
0
=Re
+ (@	
B
=@z)(@D
2
	
0
=@x)
+ (@D
2
	
B
=@x)(@	
0
=@z)
  (@	
B
=@x)(@D
2
	
0
=@z)
  (@D
2
	
B
=@z)(@	
0
=@x); (3)
where the operator D
2
is given by
D
2
= Æ
2
@
2
=@x
2
+ @
2
=[H
2
(t)@z
2
]: (4)
The homogeneous BCs are enforced by requiring
	
0
z
jz =  1 = 0; 	
0
j
z= 1
= 0; 	
0
z
j
z=1
= 0;
	
0
x
j
z=1
= 0: (5)
We refer to the LDGM initiated by Noack and
Eckelmann,
[8;9]
and choose appropriate expansion
modes. The disturbed stream function can be approx-
imated by Fourier expansions with expansion modes,
for which the Galerkin approximation reads
	
0
(z; x; t) =
X
i=0;1;;k
j=0;1;;m
a
ij
(t)
i
(x)Z
j
(z); (6)
where a
ij
(t) denotes time-dependent Fourier coeÆ-
cients, and 
i
(x) and Z
j
(z) are the spanwise mode
aligning with the breadth of the plates and the nor-
mal mode perpendicular to the plates, respectively.
The essence of the LDGM demands that 
i
(x) and
Z
j
(z) of Eq. (6) should be orthonormal and satisfy the
homogeneous BCs of Eq. (5).
There is some arbitrariness in the choice of the
spanwise mode, which is unrestricted by the BCs and
for instance can be chosen as trigonometric functions

i
(x) = cos(2ix) or

i
(x) = sin(2ix) (i = 0; 1; 2;    ; k); (7)
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corresponding to the symmetric and antisymmetric
modes, respectively and satisfying the orthonormality
relationship (
i
;
l
) =
R
1
 1

i
(x)
l
(x)dx = Æ
il
, with
the Kronecker symbol Æ
il
= 1 for i = l and Æ
il
= 0 for
the others.
The construction of the normal expansion mode
is various if only the selected functions satisfy
the orthonormality condition and homogeneous BCs
Z
j
(z)j
z= 1
= 0, @Z
j
(z)=@zj
z= 1
= 0, Z
j
(z)j
z=1
= 0
and @Z
j
(z)=@zj
z=1
= 0. Here the normal mode is
constructed as
Z
j
(z) = P
j
() [1  cos(2z)] [(2j + 1)=3]
1=2
; (8)
where
 = [sin(4z)  8 sin(2z) + 12z]=(12): (9)
with  1    1. P
j
() is a Legendre orthonormal-
ity polynomial of degree j and j = 0; 1; 2;   , and
satises the orthonormality relationship
Z
1
 1
1
2
(2j +
1)P
j
()P
n
()d = Æ
jn
.
Substituting the Galerkin approximation (6) in the
linearized disturbance equation (3), which is multi-
plied with the projection modes 
p
(x)Z
q
(z) and then
integrated over the domain of the velocity eld, we
can obtain
Z
1
 1
Z
1
 1
R(a
ij
)
p
(x)Z
q
(z)dxdz = 0;
(i = 0; 1; 2;    ; k; j = 0; 1; 2;    ;m)
(p = 0; 1; 2;    ; k; q = 0; 1; 2;    ;m); (10)
where R(a
ij
) is the residuals of the disturbance equa-
tion. A linear system of rst-order ordinary dieren-
tial equations (ODEs) for the time-dependent Fourier
coeÆcients (disturbance amplitudes), which has the
modes number of N = (k + 1)  (m + 1) for sym-
metric spanwise modes and of N = k  (m + 1) for
antisymmetric ones, takes the form
D
t
a = A(t)a; (11)
where a denotes N -vector fa
l
g
T
, the subscript l is re-
lated to the subscript ij by l = i  (m + 1) + (j + 1)
for symmetric spanwise modes and l = (i  1) (m+
1)+(j+1) for antisymmetric ones. The NN matrix
D
t
, which is dierent for various values of k and m,
includes the dierential operator d=dt. The N  N
coeÆcient matrix A(t) is aperiodic in time.
Thus, for the given initial disturbance amplitudes
a
ij
(0), solving the linearized disturbance equation is
changed into an initial value problem of a linear sys-
tem of rst-order ODEs for the disturbance ampli-
tudes. For steady or time-periodic parallel and weakly
non-parallel basic ows, this system, which is au-
tonomous or called a Floquet system, has many well-
known properties. For other unsteady weakly non-
parallel basic ows discussed here, the explicit depen-
dence of linear ODEs on time is aperiodic, so that the
methods of normal modes and Floquet theory are not
suitable. It is applicable to directly solve the initial
value problem of linear ODEs.
Fig. 2. Temporal evolution of disturbance amplitudes for
squeezing.
Fig. 3. One enlarged curve in Fig. 2 near the zero value of
temporal evolution of the most unstable mode amplitude
for squeezing.
In the calculation, we adopt the variables and
values of some parameters as follows: antisymmet-
ric spanwise disturbance modes, Æ = 0:01, a
ij
(0) =
0:0001, k = 3, m = 2, Re = 0:6, unless specially
stated. It is noted that the response of the basic ow
to an innitesimal disturbance of symmetric spanwise
modes is similar to that of antisymmetric ones. Fig-
ures 2{4 show the dependences of the normalized dis-
turbance amplitudes a
ij
(t) = a
ij
(t)=a
ij
(0) on the di-
mensionless time, for dierent disturbance modes.
Aristov et al.
[5]
suggested that when the plates
are squeezed together, the inviscid solution is stable,
with the amplitude decreasing in the course of time
monotonically. Compared to the inviscid results, am-
plitudes of innitesimal disturbances on the viscous
laminar basic ow exhibit oscillatory decay with in-
creasing time. The oscillatory amplitude values with
respect to the initial disturbance become innitesimal
so that the oscillatory property in Fig. 2 is not easily
observable. The amplitude in Fig. 2 near zero values
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of the most unstable mode is enlarged in Fig. 3, where
the oscillatory decay of disturbance amplitude can be
observed clearly. Furthermore, the tendency is evident
in the initial time interval and the parameter t of Fig. 2
only ranges from 0.0 to 0.03 because the amplitudes
decay abruptly. Thus linear instability analyses show
that the viscous squeezing motion is characterized by
asymptotical stability.
From the physical mechanisms view of the insta-
bility, wall boundaries of the ow, which are an im-
portant factor aecting the ow instability, typically
play the dual roles of stabilizer and destabilizer. On
the one hand, they constrain the development of the
disturbance and have stabilizing inuences, the closer
the plates being together the more stable the ow. On
the other hand, they give rise to velocity shear that is
diused by viscosity and thereby tends to destabilize
the ow. In the squeezing motion, the stabilizing role
of boundaries is dominant and the diusive eect of
viscosity induces the oscillation near the zero value of
disturbance amplitudes. Moreover, all the disturbance
amplitudes should decay to zero when the plates are
squeezed to some extent, i.e. the upper plate is very
close to the lower one, because the disturbance exists
in the ow eld. This also veries the reasonability
and validity of the Galerkin method.
Fig. 4. Temporal evolution of disturbance amplitudes for
dilatation.
When the plates are moving apart, the inviscid so-
lution is asymptotically stable because the amplitude
increases in the initial time interval but it will ulti-
mately decay as time evolves.
[5]
As is dierent from
inviscid results, the evolution of the disturbance am-
plitudes in time exhibits oscillatory decay sharply and
the viscous ow is asymptotically stable in the initial
time interval. As the dilatation is continuously per-
formed, the amplitudes exhibit oscillatory divergence,
so that the ow will ultimately be unstable, as shown
in Fig. 4, i.e. a closer view of the oscillation near the
zero amplitude value.
From the physical view of instability, the con-
strained eect of wall boundaries in the dilatation mo-
tion on the disturbance is stronger than the shear ef-
fect in the initial time interval due to low values of
Re, and the ow tends to be asymptotically stable.
With the increasing time and with the increasing gap
between the plates, the constraint of the boundaries
on the disturbance weakens, the lubrication assump-
tion is no longer valid and the growth of disturbances
strengthens in the viscous ow, so that the ow will
ultimately be unstable.
The initial disturbance amplitudes should have no
eect on the results under the condition of the linear
equation and homogeneous BCs. As can be seen from
the numerical computations, the tendency of the tem-
poral evolution of amplitudes is identical for various
initial disturbance amplitudes of the squeezing and di-
latation motions. For example, the initial amplitude
a
ij
(0) = 0:005 is ten times a
ij
(0) = 0:0005, corre-
spondingly the amplitude curves of the former versus
time are ten times larger than those of a
ij
(0) = 0:0005,
which is consistent with the characteristics of the lin-
ear dierential equation. As long as the initial ampli-
tudes a
ij
(0) are small enough, the development of the
disturbance is unrelated to a
ij
(0) and the nonlinear
eects in the disturbance equation can be neglected.
Therefore, temporal evolutions of amplitudes normal-
ized by a
ij
(0) are the same as the curves in Figs. 2
and 4, which further demonstrates a forcible validity
of the scheme.
Though the temporal evolution of disturbances can
reect the global instability properties of a squeeze
lm basically, including the asymptotic behaviour of
a long term or the transient behaviour of some time in-
terval, there are some problems remained. On the one
hand, the calculation will cost much with increasing
numbers N of disturbance modes. On the other hand,
little is known about the stability of uid ows with
general time dependence, except for the autonomous
and Floquet systems. Therefore, it is diÆcult to per-
form further investigations though the development of
the disturbance amplitudes in time can be obtained.
We apply the LDGM to analyse the global instabil-
ity of viscous squeeze lms and the results presented
here require further experimental and numerical vali-
dations.
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